This paper presents a theoretical study of fractional quantum Hall effect within conventional phenomenological bosonization which is generalized in this paper for a two-dimensional electron gas in a quantizing magnetic field. It is remarkable that the resulting bosonized fermion operator describing electron state with a fixed Landau gauge momentum is effectively two-dimensional (2+1). It is shown that ν = 1/3 Laughlin state is an overlap of high harmonics of the electron density fluctuations between two electron states with different momentum defined by Landau gauge wavefunction. It is then shown that a small value of the Coulomb interaction stabilizes the Laughlin state. In this case, the energy of the fractional charge excitation scales as a square-root of the magnetic field. The edges are gapless, carrying a fractional charge of e/3. When the filling factor is an even fraction, such as ν = 1/2, a small value of the Coulomb interaction smears out the overlap and leads the system to a Fermi liquid. Based on the calculations the hierarchy of fractional states is derived.
Introduction. The fractional quantum Hall effect (FQHE) is the most striking effect in condensed matter physics. Since the discovery of FQHE [1] there were a number of theories explaining the fractional states. Laughlin [2] constructed variational many-body wavefunction and showed that it describes the ground state of interacting two-dimensional electron gas in a quantizing magnetic field. The ground state is an incompressible fermionic liquid with fractional excitations. The ChernSimons effective field theory was then shown to describe the edges of the Hall system [3, 4] . Also, the conformal field theory approach was developed to describe manybody wave-function [5] . Hierarchy of fractional numbers that correspond to the Hall plateaux was developed in the series of works [6] [7] [8] [9] . In another work [10, 11] , an attempt to understand the FQHE was made by using sliding Luttinger liquid. Present paper generalizes [10, 11] for the case of two-dimensional electron gas in quantizing magnetic field.
A two-dimensional electron gas in a magnetic field. Let us study a two-dimensional electron gas in a perpendicular magnetic field and choose Landau gauge for vector potential, A x = −Hy, A y = A z = 0, where H is a magnetic field. The Hamiltonian is [12] H = 1 2m e p x + eH c y
eigenfunctions corresponding to this Hamiltonian are Landau wave-functions:
where χ n (y) =
aH . The eigenfunctions (2) correspond to the energy values E n = hω H (n + 1 2 ), where a H = h meωH , ω H = |e|H mec , y 0 = cpx |e|H is a position, H n are Hermite polynomials, m e is an electron mass, e is charge, and c is a speed of light. The energy levels take discrete values and are degenerate [12] . Throughout the paper, we will be working with zeroth Landau level (n = 0), set |e| = e, and assume spinless electrons.
Let us assume that the positions y j are discrete, and let us set the distance between two neighboring positions as d y . Throughout the paper, we are going to label momenta as p j and mean that they correspond to the positions y j = jd y . Let us now dope the system with electrons. Due to the presence of Coulomb interactions
where ρ(r) is the electron density, the electron states can no longer be described by free wave-function given by (2) . Instead of solving for the new eigenfunctions of interacting Hamiltonian (1) and (3), we are going to construct a trial wave-function based on the following two analogies. It is known that the tunneling current between two perfect two-dimensional gases is non zero due to the Coulomb interactions [13, 14] . Coulomb interaction lifts the orthogonality between the electron states in two gases, allowing for them to mix. And we notice that in our problem, the non-interacting electron states with different momentum, which are defined by (2) , are orthogonal to each other. Therefore, one should expect that, due to the Coulomb interaction, there will be a mixing of states with different momentum.
We then notice that a wave-function (2) with a given momentum p j has a sharp peak at y j . Therefore, an electron corresponding to this state can be seen as onedimensional. That allows one to use phenomenological bosonization, motivated by the knowledge that the effect of electron interactions can be treated non-perturbatively within this approach [15, 16] . Let us show that the bosonization in quantizing magnetic field is effectively two-dimensional.
Phenomenological bosonization. In the approach of phenomenological bosonization, the one-dimensional electron density is described by the harmonics of density
where φ(x) is a smooth function describing the deviation from the homogeneous density distribution given by ρ 0 . Following the lines of [15, 16] , we can present a fermion operator as
where θ(x) is a conjugate to φ(x) bosonic field. This fermion operator describes one-dimensional electrons without a magnetic field.
Let us now adopt phenomenological bosonization to construct a fermion operator for two-dimensional electrons in a quantizing magnetic field. We have to bosonize electrons with a fixed momentum exp(ip j x/h). Fixing the momentum dictates choosing a fermion operator as
The bosonized fermion operstor should have a similar form to the expression (5). If we just multiply (5) with (6), the harmonics will shift the phase (ieHy j /ch) by a factor of i(2n + 1)πρ 0 . Therefore, we write the bosonized fermion operator as
whereỹ j,n = y j − (2n + 1)νd y /2 is a position of electron state which contributes the (2n + 1) harmonic to the fermion operator with a fixed momentum p j (see Fig. 1 ). Here ν = ρ 2d hc eH is a filling factor of a two-dimensional electron gas in a magnetic field, where h = 2πh, ρ 0 is an effective one-dimensional electron density and ρ 2d = ρ 0 /d y is a two-dimensional electron density. Being borrowed from one-dimensional electron picture, this fermion operator describes electron density fluctuations of a state with a fixed momentum at different y coordinates. This makes the (7) effectively twodimensional. Also, the e −ieHyj x/ch χ 0 (y −ỹ j,n ) part of (7) is an eigenvalue of the following Hamiltonian
(8) If to every momentum we associate a pair of bosonic fields, φ j and θ j , then it can be easily checked that the states with different momentum are no longer orthogonal, meaning that the states will mix. The dynamics of the mixing will be described by the Hamiltonian of density fluctuations, which we are going to construct next. Hamiltonian of density fluctuations. Let us first build a Hamiltonian describing fluctuations of the electron density of a state with a fixed momentum p j . The diagonal matrix element of Hamiltonian (8) on the fermion operator (7) with a given momentum p j , taken with (n = 0, − 1), is
(9) Another part of the Hamiltonian is due to the Coulomb interaction (3) between electrons with momentum p j . Forward scattering between electrons is obtained if one plugs (7) with n = 0 into the expression of Coulomb interaction (3)
where g 1 ∼ ρ 0 e 2 /ǫ 0 and ǫ 0 is the dielectric constant. The total Hamiltonian of electron density fluctuations then takes a form
here v = 2πh 2 ρ 0 /m e . Now let us include the Coulomb interaction between electron states with different momentum. The forward-scattering reads
where m is a non-zero integer denoting the number of a neighbor. Backscattering between the states with different momentum gives
The estimate of the magnitude of coupling constants is
To complete the description of the Hamiltonian of density fluctuations, we need to include non-diagonal matrix elements of the Hamiltonian (8) .
Fractional states. The non-diagonal matrix elements are obtained by acting withp 2 y 2me of the Hamiltonian (8) on the (7) of a momentum p j+m , and taking the overlap with the neighboring p j momentum
Let us show how fractional charges appear at ν = 1/3 filling. In this case, we need to set m = 1 and pick the harmonics of (7) in the expression above as (3, − 3) (see Fig. 1 for explanation of the latter notation)
The constant t 1 is defined as
dy χ 0 (y − y j,1 )∂ 2 y χ 0 (y −ỹ j+1,−2 ). Another, equal, contribution to this matrix element will come from the ∝ (y −ỹ j,1 ) 2 term of the Hamiltonian (8), and we are going to double the t 1 due to that. The next step is to make a shift in the bosonic field φ j (x) → φ j (x) + πρ 0 x to eliminate the πρ 0 term from the definition of the Hamiltonian (11) and (12) . That makes the oscillating part in the expression (15) to be exp −i 6πρ 0 − eH ch d y x . For this term to be relevant, the oscillating part has to be zero. This sets a condition on the filling factor
Notice that the ν = 1/3 makes the y−coordinates of selected in (15) harmonics, (3, − 3), to match (see Fig.  1 ). The estimate of the overlap is t 1 =hω H /2. Let us rewrite the expression (15) in the form
where g L =hω H ρ 0 and where sine part vanished due to the symmetry of the bosonic fields [16] . One can show that all matchings of harmonics to the left, such as (−1, − 7) and (1, − 5) on Fig. 1 , vanish because the oscillating part in the overlap between them can not be put to zero. However, the matchings of the harmonics to the right, such as (5, − 1) and (7, 1), do not have an oscillating part. We are going to argue that they vanish due to the effect of interactions. This reason will be clear from the following analysis. Let us study the following Hamiltonian, which is a sum of (11), (12), (13) and (17) taken with m = 1
It can be shown that the Hamiltonian (18) decomposes into a sum of coupled symmetric and anti-symmetric sectors of neighboring momentum, with corresponding bosonic fields φ j+1/2,± = (φ j ± φ j+1 )/ √ 2 and θ j+1/2,± = (θ j ± θ j+1 )/ √ 2. We can then describe the whole system by focusing on just one pair of neighboring momentum (below we omit j + 1/2 index for simplicity)
where K ± < 1 are Luttinger liquid interaction parameters and u ± are renormalized velocities [16] , and we have redefined g 4 = 2g 4 ρ 2 0 . The scaling dimension of the g 4 operator is (2 − K − /2), and it corresponds to an antisymmetric charge density wave. The scaling dimension of the g L is (2 − 1/(2K − )− 9K + /2). The renormalization equations defining the fate of the two operators are (see for example [16, 17] 
Numerical estimates show that a small value of the g 4 , such that g L (ℓ = 0) > g 4 (ℓ = 0), makes the g L to be the only relevant operator. In this case, the symmetric sector is gapped and both fields (φ + and θ − ) order at one of the minima of the cosine. The estimate of the energy of the kink excitation [18] is
and it scales as a square-root of the magnetic field, which is consistent with the experiments [19, 20] . Also, the estimates show that the enhancement of the Coulomb interaction g 4 ∝ e 2 /d y , such that g L (ℓ = 0) < g 4 (ℓ = 0), makes the g 4 to dominate over the g L . In this case, the anti-symmetric sector is gapped but the symmetric sector is massless, which corresponds to a Fermi liquid. This scenario can be avoided by increasing the magnetic field, since g L ∝hω H .
In the case of, for example, (5, − 1) harmonic matchings, the corresponding cosine term is ∝ cos(3(φ j + φ j+1 ) + 2(φ j − φ j+1 ) + (θ j − θ j−1 )). In the definitions of (19) and (20) , its scaling dimension is (2 − 1/(2K − ) − 9K + /2 − 2K − ). This term is always irrelevant because of K − . From the analysis above we can conclude that the only relevant operators derived from (14) are those with a match of the opposite in sign harmonics (for example (3, − 3) in the Fig. 1) .
When the g L dominates, all neighboring momentum states strongly couple via (3, − 3). In this case, φ + field is three fold degenerate. The kink connecting two ground states carries a charge of e/3 [21] . There are only two remaining decoupled harmonics which are located at the edges [10, 11] . If the kink is excited, it will set a condition on the bosonic fields on the right and left edges φ R − φ L = π/3. Therefore, the edges carry a fractional charge of e/3. This is a ν = 1/3 Laughlin state [2] . The same scenario was proposed in [10, 11] within the sliding Luttinger liquid formalism.
For the case of ν = 2/3 filling factor, one has to consider the same harmonics as in (15), but with m = 2. And the same analysis of relevancy of operators applies. There will be two states on every edge each carrying a charge of e/3 so that the overall charge on the edge is 2e/3. When the filling factor is ν = 1/2, the expression for non-diagonal matrix element (15) has to be taken as
It is a coupling of (3, − 1) harmonics. And from the discussions above, the interactions smear out this fractional state. The symmetric sector, (+) in the definitions of the expression (19) , is gapless, corresponding to a Fermi liquid. This is consistent with previous theories (for example [22] ). From the above discussions we can conclude that the allowed fractional states are
where m and n are integers, which is consistent with [6] [7] [8] [9] . More rigorous mathematical analysis is required to establish the values of gaps in these fractional states.
Conclusions. To conclude, this paper proposes an approach to understand the fractional quantum Hall effect. The approach is based on the phenomenological bosonization generalized for the case of two-dimensional electron gas in a strong quantizing magnetic field. The constructed bosonized fermion operator (7) of a electron state with a given Landau gauge momentum is represented by its harmonics of the density fluctuation, and it covers the entire x − y plane. This fermion operator was used to understand the problem of the fractional quantum Hall effect. It was shown that the ν = 1/3 Laughlin state is a mixing of high harmonics of the two wave-functions (7) with different momentum. A small value of interaction stabilizes the Laughlin state, resulting in the gapped bulk. The excitation energy of a kink in this case is proportional to a square-root of magnetic field (21) . This prediction is consistent with experiments (for example [19, 20] ). When the kink is excited, the edge states are gapless carrying a fractional charge of e/3. Based on the calculations, a hierarchy of fractional states is established, (22) , this result is consistent with [6] [7] [8] [9] .
The same bosonization procedure can be obtained, if one keeps the harmonics in (7), but changes the momentum of the plane wave, in the way that the overall phase is fixed.
